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0 GENERAL PROCESS 8/28/25 MA 299 MATHEMATICAL PROOFS

Anything repeatable follows a process - learn the process, and you can repeat it too

Describe all ideas in your own words - do NOT use jargon until you can explain the jargon in your own

words without preparing/looking anything up

1. determine the style of proof needed: 2 most common types are direct and inductive proof (with

cases, contrapositive, and contradiction also showing up as subsets of direct proof)
2. follow the general process for each style:

e direct: start with relevant definitions and already proven theory; building stepping stones
(logical consequence of one of more of the above)
(a) start with givens and definitions
(b) identify what you need to show (but don’t start here)
(c) consider any other definitions, already proven theory , logic, algebra, etc that relates
(d) devise a path from start to end

(e) fill in the details of the path

cases: enumerate all the possibilities of something related and then address each case (usually

using a direct proof)
contrapositive: if trying to prove a = b, then use another proof technique on -b = —a

contradiction: suppose what you are trying to prove is wrong, then use another proof tech-

nique (with the above assumption as part of the givens, usually direct)
uniqueness is a special case of contradiction: suppose two distinct and show they

must be the same
e induction:

(a) show it’s true for a base case (often n = 1)

(b) show you can get from one step to the next: suppose it’s true for a general n then show

you can get from true for n to true for n + 1 (usually use direct proof techniques here)

3. focus on the process of the proofs - this is how you learn them for tests and this is how you develop
the skill of doing them

4. don’t forget bi-directional proofs (either both ways always, or do the proof twice)
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Theorem. Given lim f(x) = L and lim g(z) = K, then lim f(z) +g(z) =L+ K
Tr—cC Tr—cC

Tr—cC

Proof. Let § > 0, then there exists d7,, such that
if 0 < [z —¢| <&y then |f(x) — L| < §, and if 0 < |z — ¢| < 04 then |g(x) — L| < §.

Let 6 = min{dy, d,},
then |(f(z)+g(2))—(L+K)| = [(f(z)-L)+(9(z) - K)| < [f(x)—=L|+[g(x)—K] by the triangle inequality
and |f(z) — L]+ |g(x) — K| < § + § = € by the given

= [(f(z) +9(x)) = (L+ K)| <e
= lim f(z) +g(x) =L+ K O

Tr—cC

Theorem. 22 >0 for all x € R

Proof. Case 1: let x > 0, then

z > 0
— z-x > 0-z by the multiplication property of inequalities
= 22 > 0
Case 2: let < 0, then
z < 0
= x-x > 0-z Dby the multiplication (reversal) property of inequalities
— > 0

d
Theorem. Let f be a real-valued continuous function, then d—m" =na""! forneZ”>
x

Proof. Let n € Z~. Consider an inductive argument:

Basen=1 Mxlzh%W:lzlxll
Suppose %xk = kz*~1 holds for some k € Z>
Show A gkt = (k+ 1)z*+D=1 = (k + 1)2* holds.
Aphtl = Lk )= Lok gtk Loy =fab=lg 42k 1 = kat +2F = (k + 1)2*
Therefore %x” = nz" ! holds for n € Z~
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Theorem. If a® + b% is odd, then exactly one of the numbers a or b is odd.

Proof. Consider the contrapositive statement:

if either both a and b are odd or both even then a2 + b? is even

Case 1: let a and b both be even, then
there exists p € Z such that a = 2p and there exists ¢ € Z such that b = 2¢q

= a® = 4p? = 2(2p?) and since p € Z == 2p? € Z by closure of Z over multiplication
and b? = 4¢% = 2(2¢?) and since ¢ € Z = 2a? € Z by closure of Z over multiplication

therefore a? + b? = 2(2p? + 2¢°) where 2p® + 2¢* € Z by closure of Z over addition
= a® 4 b? is even.

Case 2: let a and b both be odd, then
there exists p € Z such that a = 2p 4+ 1 and there exists ¢ € Z such that b =2qg + 1

= a® =4p? = 2(2p? + 2p) + 1 and since p € Z = 2p? + 2p € Z by closure of Z over + and -
and b = 4¢%> = 2(2¢® +2¢) + 1 and since ¢ € Z = 2¢° + 2q € Z by closure of Z over + and -

therefore a? + b? = 2(2p? + 2p + 2¢®> + 2¢ + 1)
where 2p? 4+ 2p + 2¢®> + 2¢ + 1 € Z by closure of Z over +

— a2+ b?is even.
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Theorem 1.1. Let v € R", then ||v|| =0 iff v= 0.

Theorem 1.2. Let u and v be orthogonal unit vectors. Then u X v is also a unit vector.
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n 2
Definitions. Let v € R”, then ||v|| = (Z vf) , and v is a unit vector iff ||v|| = 1.

i=1
3
Let w and v € R3, then wv =Y. = ujv1 +ugva+usvs and ux v = (ugv3—usvy, —U1v3-+U3v1, U1V — U1 ).
i=1

The vectors u and v are said to be orthogonal if the angle between them is 90°.
Theorem. Given non-zero vectors, i and v, let 8 be the angle between them. Then

u-v= |yl [[v|[cos®  and  [lux || =||ul[|v]|sin6.

Theorem. Let v € R", then ||v|]| =0 iff v= 0.

Proof. Consider both directions:

(=) Let v € R™, such that ||v|| = 0. (<) Let v € R", such that v = 0.
n 1/2 n = v; =0forallie{1,...,n}
= 0= (> v} = 0°=0=) v}
i=1 i=1 n 1/2 n 1/2
2 2
v|| = , = 0 =0
Suppose v#0 = F ke {l,...,n} v #0 VI <;Uz> <; )
= v; >0forallie{1,...,n} and vy >0 Therefore if v = 0, then ||v|| = 0.

n
= ) >0 =
=1

Therefore if ||v]| = 0, then v = 0.

Therefore ||v|| =0 iff v=0.

O
Theorem. Let u and v be orthogonal unit vectors. Then u X v is also a unit vector.
Proof. The hard way ... Let u,v € R3, and let u and v be orthogonal unit vectors = |[[u|| = ||v|| = 1 and
6 = 90° is the angle between u and v. Then ||u|| =||v|]|=1and u-v =0.
Consider u x v = (ugv3 — U3, —U1vU3 + Uzv1, U1 Vs — UgV1).
2 2,2 2.2, 2 2 2,2, 2 2 2,2
= |lux V|[* = wujv]— 2ususvavs + vousz + uivs — 2uiUzv1V3 + UsVY + UTVS — 2UgUgV V2 + UZV]
= ui(v? 4+ v3 +v3) —uvy +ui (v +vi +v3) — usvs + ui(vi + v3 +vs) — usvs
—2(’&2’&3112'03 + Uu3zv1v3 + Ul’ZLQUl'UQ)
2,2, .2 292 9292 9 9
= ui +u5+uz — ujv] — usv; — uzvs — 2(UgUsUavs + UTUIV1V3 + U ULV1V2)
2,2 2,2 2,2
= 1 — (ujv] + 2uguzvavs + uzv5 + 2uiuzvvs + uzvs + 2u1Uv1v2)
= 17(U1U1+UQU2+U3113)2:17(U'V)2:1702:1
Therefore |Ju x v|| =1, and u x v is a unit vector. O

Proof. The easy way ... Let u,v € R? and let u and v be orthogonal unit vectors
= |[u|| =||v|| =1 and 6 = 90° is the angle between u and v.

= |[uxv||=[u]|[|v|][sinf =1-1-sinT =1 = u x v is a unit vector.
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Definition. Let f : R — R be defined on an open interval containing ¢ (except possibly at c¢) and let
L € R. Then lim f(x) = L iff for every e >0, 3 > 0 such that if 0 < |v —¢| <6, then |f(z) — L] < e.
Tr—cC

Prove

Theorem 2.3. Let f(z) = 23 — 8x + 1, then lin?3 f(z) =4.
z—

Prove

Theorem 2.4. Let f(x) = mx + b where m,b € R and m # 0, then liLn f(x) =mec+0.
X C



2 LIMITS USING THE DEFINITION 9/11/25 MA 299 MATHEMATICAL PROOFS

Definition. Let r : R — R™ be defined on an open interval containing ¢ (except possibly at ¢) and let
L € R". Then %im r(t) = L iff for every e >0, 36 > 0 such that
—C

if , then

Prove

Theorem 2.5. Let r(t) =rg+tv wheret € R, ro,v € R” and v# 0, then Pm r(t) =ro + cv.
—c
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Theorem. Let f(z) = 23 — 8x + 1, then 1irr§ f(z) =4.
r—r
Proof. Observe: f(z)—L=12%-8z—-3=(x—3)(2>+3z+1) and 0 < 22+ 32+ 1 < 29 for all z € [2,4].

Let € > 0, and consider |f(z) — L| = |2® =8z — 3| = [(x — 3)(2®> + 3z + 1)| = |(x — 3)| - |(z% + 3z + 1)|.
Let § =min{5,1} —> 3—1<3-0<2<3+6<3+1 — [3—5,3+3]C[2,4]
= 0<z?+3r+1<29forallz €353+

Case 1: let 55 <1, then

0<|r—3]<9¢ |z — 3| < 59
29|z —3| <e
|22+ 3z +1)|- |z —3| <e

[f(x) —4f <e

I

Case 2: let 55 > 1, then

0<|z—3]<9¢ lv -3 <1< 455
29jx — 3| <€
|(z2 +3z+1)|- |z — 3| <e

[f(x) —4f <e

I

Therefore since
for every € >0, 36 = min{g5,1} >0
such that when 0 < |z — 3] < §, then |f(z) — 4| < €,

then lim 22 — 8z + 1 = 4.
r—3

Theorem. Let f(x) = mx + b where m,b € R and m # 0, then lii)n f(x) =mec+0.
Proof. Let € > 0, and consider |f(x) — (mc+0b)| = |mz +b— (mc+b)| = |m(x —¢)| = |m| - |z —¢]

€

|m|

Let § = , then 0<|z—¢|<d = |z —¢| <

e
m]
= Im| - |z —c| <e

— |f(z) — (mc+Db)| <e

Therefore since

forevery e >0, 36 =5 >0

m|

such that when 0 < |z — ¢| < 0, then |f(x) — (mc+b)| <,

then lim f(z) = mc + b. O

Tr—C
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Definition. Let r : R — R™ be defined on an open interval containing ¢ (except possibly at ¢) and let
L € R". Then %im r(t) = L iff for every e >0, 36 > 0 such that
—C

if  0<|t—c|<d , then llr(t) —L|| <e

Theorem. Let r(t) = ro+tv where t € R, ro,v € R" and v# 0, then 7ym r(t) =ro + cv.
—e

Proof. Let ¢ > 0, and consider ||r(t) — (ro + ev)|| = |[ro + tv — (xo + ev)|| = ||(t — )v|| = |t — ]||v]|-
Letézi, then 0<|t—¢c|<d = [t — ] < 757
[v]| (vl
= V[ - |t —¢c| <€
= ||r(t) = (ro+cv)|| <€

Therefore since
for every € > 0, 35:ﬁ>0
such that when 0 < [t — ¢| < 6, then ||r(t) — (ro + cv)|| < €,

then %im r(t) =rop+cv. O

—C
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Az) —
Recall the definition of derivative: Let f: R — R, then f/(x) = D,(f(z)) = Alim0 fla+ ;32 f(ac)
T—

Recall the derivative of the natural log function: Let y be a function of x, then D,(Iny) = D“”T(y).

Recall the product rule for derivatives:
Let f:R—Rand g: R — R, then D,(f(x)g(x)) = Dy (f(x))g(x) + f(x)D.(g(x)).

Recall the chain rule for derivatives:
Let f:R— Rand g: R — R, then D,(f(g(z))) = Dg(x)(f(g(aj)))Dx(g(:n)).

By the way, what is D3 iny(9sin®y)?

n—1 .
>1
Theorem 3.6. Let x =0, n € R, then D,(z") = { ne if n

0 fo<n<1l '

Theorem 3.7. Let x € R, x # 0, n € Z, then Dy(z") = nz" 1.
Theorem 3.8. Let x € R, x # 0, n be rational, then D,(z") = na" 1.

1 ifx >0

Lemma 3.1. Let x € R, x # 0, then D,(|z|) = )
-1 ifx<O0

Theorem 3.9. Let x € R, x # 0, n € R, then Dy(2") = na" 1.
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By the way, what is D3gin (9 sin? y)? Let = 3siny, then D3giny(9 sin?y) = D, (2?) = 2z = 6siny.

n—1 .
> 1
Theorem. Let x =0, n € R, then D (z") = { nx ifn

0 fo<n<1

Proof. Let x =0, n € R.
Case 1: Consider n > 1, then D, (z") = D,(0") = D,(0) = 0 = n0" L.

Case 2: If 0 < n < 1, then D,(z') = D,(0') = D,(0) = 0. 0

Theorem. Let x € R, x # 0, n € Z, then Dy(2™) = na"~ 1.

Proof. Let z € R,z # 0,n € Z, and consider proof by cases:

Case 1: Let n € Z~. Consider an inductive argument:
Base Case Let n =1, then D (2!) =1 = 12171
Suppose D, (z*) = kx*~! holds for some k € Z>

Show D, (z*+t1) = (k + 1)z*+D~1 = (k + 1)z* holds.
Dy (2% = Dp(a% - 2) = Do(2%) -2+ 2% - Dy(z) = kbt o+ 2b 1 = kab 4+ 2F = (k+1)2F

Therefore D, (2") = nz" ! holds for n € Z~

Case 2: Let n = 0, then D,(z") = 0 = 02°~! since x # 0

Case 3: Let n € Z<. Consider a direct argument:

1 1 z—(z+Ax)
N (1 o fletAr)—f@) . Az @ .. atha)
Recall Dafa™) = Dr () = iy ™m0 ~d T Ar T T A

I —1 -1
= lim — = —
Az—0 z(z + Az) a2

Note that since n < 0, we have n = —|n]|

Then D,(z") = D (z~I"l) = D, ((x_1)|”|), and since * € R,z # 0 then 27! € R and since
|n| € Z~, then the result from case 1 holds.

D; (") = (@) "1 Do(a) = [nl() "1 (<272) = ~fnlaI = ot

Therefore D, (2") = naz™~! holds for n € Z<

Therefore D, (z") = nz"™ ! holds for n € Z O

See problems with AI’s solution for n € Z< Chat GPT 3.5, 8/21/23


https://chat.openai.com/share/b29b1f14-53a7-4c41-bc70-02703109d956
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Theorem. Let x € R,  # 0, n be rational, then D,(z") = na""!.

Proof. Let # € R, x # 0. Given D, (z") = naz"! for all n € Z, let n be rational.

= 3 a,b € Z where n = §, therefore we must show D, ( ) =3 b~
a\ b
Consider <x3> =z, then D, (( ) > x%), and since a € Z, then D,(2%) = az®~L.
a b a b—1 a
Since b € Z and by the chain rule, D, ((ajb) ) =b (:1:3) D, ($3)

Therefore az®~! = b <a: )b_l D, (:p%)

a a —b+1 a a
= D, (xF) = &gl (x3> = ggo-t <a:_“+3) =gt ]

o2

1 ifx>0
Lemma. Let z € R, z # 0, then D(|x|) = e
-1 ifx<O
if x>0
Proof. Recall |z| = ronE=T
—z ifx<0
If x > 0, then D,(|z|) = Dy(z) = 1.
If x <0, then Dy(|z|) = Dy(—2x) = —1. O

Theorem. Let z € R, v # 0, n € R, then D(a") = nz" L.
Proof. Let x € R, x #£ 0, and n € R.

Case 1: Let > 0 and y = 2", then show 3/ = nz"~!. Then Iny = nlnz.

D,(In

SN

) = Dg(nlnz)
! 1

= n-.—
i

\
L
i

L

y-nz ' =z"nzt = na

e <
I

Case 2: Let < 0, then x = —|z|.

Since z < 0, then |z| > 0, case 1 applies to |z], so Dy, (|z|") = n|z|"~! where |z = —z.

Then by the chain rule for x < 0 and since |z| = —2 = D,(|z|) = —1, we have

Dy(|2]") = Dygy(|2]") - Da(l2]) = nlz[" " Dy (|a]) = —nlz[*~".

= Dy(z") = Du((=1)"(J2])") = (=1)"Do((|2])") = (=1)" (=nlz|"™)

= (=1 = (1)) = et
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Theorem. MVT: If f is continuous on the closed interval a,b] and differentiable on the open interval

£(b) ~ fla)
b—a

Theorem 4.10. Prove that if f'(x) > 0 for all x € (a,b) then f is increasing on (a,b).

(a,b), then there exists a number ¢ € (a,b) such that f'(c) =

Theorem 4.11. Prove that f(x) = \/x for x > 0 is an increasing function.

Theorem 4.12. Prove that for any a,b,c >0, ¢ < a+ b iff > < (a +b)>.

Theorem 4.13. Given non-zero vectors w and v in a plane, let 0 be the acute angle between them (notice

that v-u becomes the third side of the triangle), then

u-v

u-v=||ul ||v] cosf or cosf = .
| [[]

Theorem 4.14. Prove that u-v < ||u]| - ||v|].

Theorem 4.15. Prove the triangle inequality, ||u+ v|| < ||u|| + ||v||.
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Theorem. Prove that if f'(x) > 0 for all z € (a,b) then f is increasing on (a,b).

Proof. Let f'(xz) > 0 for all x € (a,b) and let a < 1 < 2 < b.
By MVT there exists ¢ € (x1,z2) C (a,b) such that

fc) = fla2) — f(fﬂl).

T2 — X1

Since f'(c) > 0 and x2 — 21 > 0, then f(x2) — f(x1) > 0, and we have that if 21 < x5 then f(z1) < f(z2) and f is
increasing on (a, b). O

Theorem. Prove that f(x) = +/x for x > 0 is an increasing function.

Proof. Let f(x) = y/z for £ > 0. Then f/(z) = ﬁ > 0 for all z > 0, therefore f(x) = y/x is increasing for all
x> 0. O

Theorem. Prove that for any a,b,c >0, c < a+ b iff ¢ < (a + b)?.

Proof. (=) Let a,b,c >0 and ¢ < a+ b, then
A <(a+bc<(a+b)(a+b) = (atb)

(<= ) Let a,b,c > 0 and ¢? < (a + b)?, then since f(x) = y/z is an increasing function and since a,b,c > 0, we
have that
c=lel=f(*) < f((a+b)?) =la+bl=a+b.

O

Theorem. Given non-zero vectors w and v in a plane, let 6 be the acute angle between them (notice that v-u
becomes the third side of the triangle), then

u-v=|ul||v]cosd or cos = Y
[ ] [l
Proof. Recall the Law of Cosines: [|[v —ul|® = [[ul|® + ||v[|* = 2|[u]| ||v]| cos 6

Consider LHS: |[v—u|’=(v—u)-(v-u)=v-v—u-v—v-utu-u=||v]> = 2u-v+ |ul?

IVII* = 2u- v+ [uf|* = [[ul* + [v]* = 2 |u] [v] cos§ = u-v = |[ul||v] cos®
O
Theorem. Prove that u- v < ||u]| - ||v]|].
Proof. Recall cosf <1 for any 6. Then
u-v = [luf[[[v]cos & < [[ul[v]]
O

Theorem 4.16. Prove the triangle inequality, ||u+ v|| < ||ul|| + |||

Proof. Given above theorems, |[u+ v|| < [[u]| + ||[v]| iff |[|u+ v||> < ([u]] + ||v]])?.

[Ju + v||? (v4+u)-(v+u)=v-v4u-v+v-utu-u=|v|]>+2u-v+|ul?

2 2 2
I+ 2[fal] - [l + lal” = ([[all + [Iv])

IN

Therefore ||u+ v|| < ||Ju|| + ||v]|- O
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Definition. n!=1-2-...(n—1)-n for anyn € Z

|
n " for0<r<n
Definition. Let n,r € Z , then =< ri(n—r)
" 0 else
Theorem.
" /n
Recall the binomial theorem: (x+y)" = < )a:"_ryT Vnez
r
r=0

Given the following for a probability density function (something that kind of describes the probability

of taking on that value):

Theorem. A function, f(x), can be a density function of a RV X iff it satisfies

1. f(x) >0 for all z, and

2. > f(x) =1 for discrete variables <07' [ f(z)dz =1 for continuous zrurialﬂas).
all « all =

Consider the binomial distribution (counts the number of successes in a fixed number of trials, n, where
the probability of success for each try, p € (0, 1), stays the same): then we say X is distributed Bin(n,p)
and the density function, f(z) = P(X = x), is given by

f(z) = (n)px(l —p)Fforx=0,1,...,n,

X

which is interpreted as the probability of getting = successes in n tries if we have a p probability of success

on any single try. (Note X is a random variable and z is a certain value the random variable can take.)

Theorem 5.17. Given fized values for n and p, f(x) = (Z)pm(l —p)" " forx = 0,1,...,n is a valid

density function.

n—1
Question. What is > ("71)1)5‘3(1 - p)(”_l)_ﬂﬁ = ?

T
=0
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Definition. If X is a RV with density function f(x), then the expected value (aka mean) of a function
of X, g(X), is given by

o0

Elg(X)] = Zg(aj) - f(x) (if X is discrete) | or Elg(X)] = / g(x) - f(x)dx (if X is continuous)

—0Q0

Theorem 5.18. The mean, aka E[X], of a binomial random variable is np (aka, the number of tries *

probability of success).
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Theorem. Given fized values for n and p, f(zx) = (Z)pfc(l —p)" % forx =0,1,...,n is a valid density

function.

Proof. Since p € (0,1) and (Z) >0for 0 <z <n,x,né€Z, then (Z)pm(l —p)" >0 Vo € Z2.

n
Now we need to show > (Z)pm(l —p)" T =1.

=0
" /n
Z < >px(1 -p)"* = (p+@A—-p)" by the binomial theorem
=0 r
= 1"=1
O
n—1
Question. What is > (";l)px(l —p)r=r =y (1-p) =1 (by the binomial theorem)
=0
Theorem. The mean of a binomial random variable is np.
Proof. (Try to get what we start with to look like what we know from the previous theorem).
- n - n
E = T(1 — )T — T(1 _ o \R—T . . _
[X] Z x <x>p (1—p) Z x<x>p (1-p) since the first term in the sum =0
z=0 =1
n
w n n!
= Zm Hp(l—p) recall():Hfornerwhere0<:c<n
— (n—x)l! x (n—uao)lx
n
-3 -
= (n—xz)l(z— 1)
- n(n —1)!
— z—1 n—x
= 1
Z o) x_l),p(p )(1—p)
=1
7’L — 1 r—1 —
— 1 _ n—x
npz T x_l) 71— p)
= npz (n B 1>px1(1 —p)("fl)f(xfl) let y =2 — 1, then
x—1 ’
r=1
-1
= TZPZ(n )py(l—p)(”l)y r=1= y=0andz=n = y=n-—1
— Yy

Since (”;1) pY(1— p)(”*l)*y fits the form of a density function when there are n — 1 tries with p probability

n—1
of success, we know by the previous theorem that > ( ) p(1—p)r—D-v =1,
y=0

Therefore
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Definition. An annuity certain is a contract that provides reqular payments in exchange for a lump sum

assuming a fized interest rate.

Definition. An account that accrues interest at i%(m) can be valued using the compound interest formula:
FV =PV (1 + %)n where 1 is the decimal version of a percentage, F'V is the future value n periods into
the future (where there are m equal periods per year), and PV is the present value (when the money is
deposited).

Derive the results of the following theorem:

Theorem 6.19. Depositing m payments per year (evenly throughout the year) of $100 for 5 years will

accrue at 1%(m) and have value immediately after the last payment of

i\ bm
1+ 2™ -1
100 (<+>> |
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Theorem 6.20. Depositing m payments per year (evenly throughout the year) of $100 for 5 years will

accrue at 1%(m) and have value immediately after the last payment of

i\ bm
1+ 2™ -1
100 (<+>> |

Proof. There will be 5m equally spaced payments made of $100 each.

Consider the k** payment. Since there are 5m — k periods in which the k" payment can accrue interest,

the future value of the k™" payment is given by

i 5m—k
FV, =100 <1 + > .
m
Therefore the value of all 5m $100-payments immediately after the last payment is

5m 5m i 5m—k
> v = Yoa00(1+L)
k=1 k=1
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Definition. A nonempty set G on which there is defined a binary operation “o” is called a group (with

respect to this operation) provided the following properties are satisfied:

1. If a,b,c € G, then ao (boc) = (aob)oc. (associative law)
2. There exists an element e € G such that eoa =aoe=a for alla € G. (identity)
3. If a € G, there exists an element v € G such that aox =xoa =e. (inverse)

Prove the following theorem:

Theorem 7.21. The set of all integers with an operation, o, defined by aob=a+ b+ 1 is a group.
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Theorem. The set of all integers with an operation, o, defined by aob=a+ b+ 1 is a group.

Proof. Let a,b,c € Z. then

ao(boc) = ao(b+c+1l)=a+(b+c+1)+1=a+b+c+2
(aob)oc = (a+b+1l)oc=(a+b+1)+c+1l=a+b+c+2

Therefore the associative law holds.

Let a € Z and consider e = —1 € Z, then

eoca = —1+a+1=a

ace = a—14+1=a
Therefore there exists an identity for all a € Z.

Let a € Z and consider x = —a — 2 € Z, then

aox = a+(—a—-2)+1=-1=c¢e
zoa = (—a—2)+a+l=-1=c¢e

Therefore there exists an inverse for all a € Z.

Therefore Z under aob = a + b+ 1 is a group. O
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Definition. Let s,t € Z, then t # 0 is a diwvisor of s iff 3 u € Z such that s = tu and we write t|s.

Theorem. For any nonzero a,b € Z, the greatest common divisor of a and b is a linear combination of

a and b, meaning that there exists s,t € Z such that gcd(a,b) = as + bt.

Theorem 8.22. Fuclid’s Lemma: If p is a prime such that plab where a,b € Z, then pla or plb.
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Definition. Let s,t € Z, then t # 0 is a diwvisor of s iff 3 u € Z such that s = tu and we write t|s.

Theorem. For any nonzero a,b € Z, the greatest common divisor of a and b is a linear combination of

a and b, meaning that there exists s,t € Z such that gcd(a,b) = as + bt.

Theorem. Euclid’s Lemma: If p is a prime such that plab where a,b € Z, then pla or p|b.

Proof. Let p be prime such that p|ab where a,b € Z. Then there exists k € Z such that pk = ab.

Consider cases, either p divides a or it does not:
1. Suppose p | a. Then pla or p|b holds.

2. Suppose p fa. Then ged(a,p) = 1.

From the above theorem, there exists s,t € Z such that

1 =gcd(a,p) = as + pt

1(b) = (as + pt)(b)

b = abs + pbt

b = pks + pbt since plab

b = p(ks + bt) where k,b, s,t € Z

el

there exists n = (ks + bt) € Z such that b = pn

Therefore p|b, and the result, p|a or p|b, holds.
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Theorem. Recall sine and cosine addition formulas:
cos(a + 3) = cosaccos § — sin asin 3

sin(a + ) = cos asin B + sin « cos

Prove the following theorem:

Theorem 9.23. If u and v are complex numbers with trigonometric forms u = r(cos@ + isinf) and

v = s(cos ¢ + isin @), then uv = rs(cos(d + ¢) + isin(6 + ¢)).

Prove the following theorem:

Theorem 9.24. If n is a positive integer and u = r(cosf + isinf) is the trigonometric form of the

complex number u, then u™ = r™(cosnf + isinnf).
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Theorem. If u and v are complex numbers with trigonometric forms uw = r(cosf + isinf) and v =

s(cos ¢ + isin @), then uv = rs(cos(6 + ¢) + isin(6 + ¢)).

Proof.

wv = r(cosf+isinf) - s(cos ¢+ isin @)
= r5(cosf cos ¢ + isinb cos ¢ + i cos O sin ¢ + i sin A sin ¢)
= r5(cosfcos ¢ — sinfsin ¢ + i(sin @ cos ¢ + cos O sin ¢))
= rs(cos(f + ¢) + isin(0 + ¢))

Theorem. If n is a positive integer and u = r(cosf + isin6) is the trigonometric form of the complex

number u, then u™ = r"(cos nf + i sinnf).
Proof. Note that u! = r(cos@ +isinf) = rt(cos(1-6) +isin(1-6)) holds.
Suppose that for some k € Z, k > 1, u* = r*(cos k@ + i sin k6) holds.

Consider uFtl = ok y

= 1*(cos kb + isinkf) - r(cos O + isin h)
= rk. r(cos(kf + 0) + isin(kf + 0))
- rk+1(cos((k + 1)0) + isin((k + 1)0))

Therefore since u" = r"(cosnf + isinnfd) holds for n = 1 and
if u™ = r"(cosnf + isinnd) holds then u" ! = r"*+1(cos(n + 1)0 + isin(n + 1)6) holds,
then we know that u" = r™(cosnf + isinnf) holds for all n € Z=. O]
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Prove the following theorem:

Theorem 10.25. If r and s are any positive rational numbers, there is a positive integer n such that

nr > s.
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Theorem. If r and s are any positive rational numbers, there is a positive integer n such that nr > s.

Proof. Let r, s be positive rational numbers.

Then 3 a,b,c,d € Z~ such that r = ¢ and s =

o

a

= nr > s holds iff nr =ny > 3 =5

which holds iff nad > bc since a,b,c,d > 0
Therefore 3 n € Z~ such that nr > s iff 3n € Z~ such that nad > be.
Since a,d € Z~, then a,d > 1.

ad > 1
ad+ad>2>1
2ad > 1
2ad(bc) > be
(2bc) (ad) > be

L

Since b, c € Z~ then n = 2bc € Z~ and there exists n € Z such that nad > be.

Therefore there exists n € Z~ such that nr > s holds. O
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Definition. A — B = {z|z € A and x ¢ B}
ANB = {z|x € A and x € B}
AUB ={z|xr € A orx € B}
A ={x:x ¢ A}, and let S be the universal set
— AUA={zjlz € Aorze At =S, and ANA°={z|lr € Aandxz € A} =)
ACBiffV x € Athenxz € B

Prove the following theorems:

Theorem 11.26. If A C B, then B¢ C A°.

Theorem 11.27. Let A and B be subsets of some universal set, S. Then A — B = AN B°.

Theorem 11.28. Let A and B be subsets of some universal set, S. Then A— (A— B) = AN B.
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Definition. A — B = {z|z € A and x ¢ B}
ANB = {z|x € A and x € B}
AUB ={z|xr € A orx € B}
A ={x:x ¢ A}, and let S be the universal set
— AUA={zjlz € Aorze At =S, and ANA°={z|lr € Aandxz € A} =)
ACBiffV x € Athenxz € B

Theorem 11.29. If A C B, then B¢ C A°.

Proof. Let AC B = for any z € A, then z € B.

Negating this logic yields, that if z ¢ B, then x & A.

Consider any © € B¢ = x ¢ B, therefore x ¢ A.

Therefore if A C B then B¢ C A° by the definition of subsets. O

Theorem 11.30. Let A and B be subsets of some universal set, S. Then A — B = AN B°.

Proof. Since each step can go both ways, we will use a bi-directional proof (so we can show both directions

at the same time).

Letz€e A—-B <= xc€Aandzx¢ B
<— zx € Aandzx € B¢

— zxzc€ANDB°

Theorem. Let A and B be subsets of some universal set, S. Then A— (A— B)=ANB.

Proof. If © ¢ (A — B), then z € (A — B)°, so consider (A — B)*=(ANB°)*=A°UB
or (A—B)f={z:2¢d(A-B)}={rv:z¢{zxlrc Aandx ¢ B}} ={x:x ¢ Aorz € B}

(=) Letzec A—(A-DB) re€Aand z ¢ (A— B)
x€Aand [x ¢ Aor z € B

[te Aand o ¢ Al or [z € A and = € B]
zrePorze ANB

r€ ANB

Ll

(<) Letzxze ANB xr€Aand z € B

[t€ Aand z € B] or [x € A and x ¢ A] (since the added set is the empty set)
xe€Aand [z € Bora¢A

re€Aand z ¢ (A— B)

reA—(A-B)

FEEll
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