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For each proof presented: to the right of each line in the proof, describe in your own words what that line is doing/why it works
(complete sentences are NOT required). Do NOT describe the algebra, instead describe a more general reason for that step that
moves the proof forward (it should also be valid in other proofs, not just this one).

The purpose of these assignments is to model general techniques for developing good proofs that you can learn from to help you
prove other theorems. Demonstrate that you are achieving this goal in the dialog you present.

Assignments are due at the start of class (you may not finish writing up the description during class). Assignments submitted

after this will receive a 0%. Your work will be graded for presentation/clarity (up to 10% deduction for poor presentation) as

well as how well you achieve the goal.

Indicate the day of the week you started working on this assignment:

Th F Sa Su M T W Th (due)

Estimate the time you spent working on this assignment (to the nearest 0.25 hrs is sufficient): hrs

Since we relied on the product and chain rules to prove the power rule, let’s consider their proofs. Note that we can
show there is no circular reasoning in our proofs of the power rule by showing that we don’t need the power rule to
prove the product or chain rules.

Definition. The derivative of f at x is given by f ′(x) = lim
∆x→0

f(x+∆x)− f(x)

∆x
provided the limit exists.

Theorem 1. The derivative of f at x is given by f ′(x) = lim
x→c

f(x)− f(c)

x− c
provided the limit exists.

Proof Type:

Proof. Given f ′(x) = lim
∆x→0

f(x+∆x)−f(x)
∆x , where the limit

exists, consider c = x+∆x.

If ∆x → 0, then x → c must hold. Then

f ′(x) = lim
∆x→0

f(x+∆x)− f(x)

∆x

= lim
∆x→0

f(x+∆x)− f(x)

(x+∆x)− x

= lim
x→c

f(c)− f(x)

c− x

= lim
x→c

−(f(x)− f(c))

−(x− c)

= lim
x→c

f(x)− f(c)

x− c
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Theorem 2. Let f and g be differentiable function. Then d
dx [f (x) g (x)] = f (x) g′ (x) + f ′ (x) g (x).

Proof Type:
Proof. d

dx [f (x) g (x)]

= lim
∆x→0

f (x+∆x) g (x+∆x)− f (x) g (x)

∆x

= lim
∆x→0

f (x+∆x) g (x+∆x)− f (x+∆x) g (x) + f (x+∆x) g (x)− f (x) g (x)

∆x

= lim
∆x→0

(
f (x+∆x)

g (x+∆x)− g (x)

∆x

+g (x)
f (x+∆x)− f (x)

∆x

)
= lim

∆x→0
f (x+∆x) lim

∆x→0

g (x+∆x)− g (x)

∆x

+ lim
∆x→0

g (x) lim
∆x→0

f (x+∆x)− f (x)

∆x

= f (x) g′ (x) + f ′ (x) g (x)

Theorem 3. If y = f (u) is a differentiable function of u and u = g (x) is a differentiable function of x, then

y = f (g (x)) is a differentiable function of x and

dy

dx
=

dy

du

du

dx
or

d

dx
(f (g (x))) = f ′ (g (x)) g′ (x) .

Proof Type:
Proof. Let h (x) = f (g (x)) and consider

h′(x) = lim
x→c

h(x)− h(c)

x− c
.

h′ (c) = lim
x→c

f (g (x))− f (g (c))

x− c

= lim
x→c

f (g (x))− f (g (c))

g (x)− g (c)
· g (x)− g (c)

x− c
where g (x) ̸= g (c)

= lim
x→c

f (g (x))− f (g (c))

g (x)− g (c)
· lim
x→c

g (x)− g (c)

x− c

= f ′ (g (c)) g′ (c)



Ma 299 - Proof Analysis 1 DUE 9/4/25 Name:

Definition. A−B = {x|x ∈ A and x ̸∈ B}

Theorem 4. De Morgan’s Laws: A− (B ∪ C) = (A−B) ∩ (A− C)

Proof Type:
Proof. Let x ∈ A− (B ∪ C).

x ∈ A− (B ∪ C) ⇐⇒ x ∈ A and x ̸∈ B ∪ C

⇐⇒ x ∈ A and x ̸∈ B and x ̸∈ C

⇐⇒ (x ∈ A and x ̸∈ B) and (x ∈ A and x ̸∈ C)

⇐⇒ x ∈ A−B and x ∈ A− C

⇐⇒ x ∈ (A−B) ∩ (A− C)

Therefore A− (B ∪ C) = (A−B) ∩ (A− C)
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For each proof presented: to the right of each line in the proof, describe in your own words what that line is doing/why it works
(complete sentences are NOT required). Do NOT describe the algebra, instead describe a more general reason for that step that
moves the proof forward (it should also be valid in other proofs, not just this one).

The purpose of these assignments is to model general techniques for developing good proofs that you can learn from to help you
prove other theorems. Demonstrate that you are achieving this goal in the dialog you present.

Assignments are due at the start of class (you may not finish writing up the description during class). Assignments submitted

after this will receive a 0%. Your work will be graded for presentation/clarity (up to 10% deduction for poor presentation) as

well as how well you achieve the goal.

Indicate the day of the week you started working on this assignment:

Th F Sa Su M T W Th (due)

Estimate the time you spent working on this assignment (to the nearest 0.25 hrs is sufficient): hrs

Theorem 5. For n ∈ Z≥, 23n+1 + 5 is always a multiple of 7.

Proof Type:
Proof. Consider n = 0, 23(0)+1 + 5 = 7 = 7(1). Since 1 ∈ Z, 23n+1 + 5

is a multiple of 7 for n = 0.

Suppose ∃ m ∈ Z such that 23k+1 + 5 = 7m.

Then 23k+1 = 7m− 5, where m ∈ Z.

Consider 23(k+1)+1 + 5:

23(k+1)+1 + 5 = 23k+1+3 + 5 = 23k+1 · 23 + 5

= 8(7m− 5) + 5 = 7(8m)− 35

= 7(8m− 5)

Since m ∈ Z, then 8m− 5 ∈ Z and ∃ m′ = 8m− 5 ∈ Z

such that 23(k+1)+1 + 5 = 7m′.

Therefore for any n ∈ Z≥, there exists m ∈ Z such that

23k+1 + 5 = 7m, and 23k+1 + 5 is a multiple of 7.



Ma 299 - Proof Analysis 2 DUE 9/11/25 Name:

Theorem 6.
√
2 +

√
6 <

√
15

Proof Type:
Proof. Suppose

√
2 +

√
6 ≥

√
15. Then

(
√
2 +

√
6)2 ≥

√
15

2

=⇒ 8 + 2
√
12 ≥ 15

=⇒
√
12 ≥ 3.5

=⇒ 12 ≥ 3.52 = 12.25 =⇒⇐=

Therefore
√
2 +

√
6 <

√
15.

Theorem 7. For all x ∈ Z, x(x+ 1) is even.

Proof Type:
Proof. Let x ∈ Z. Consider x even. Then ∃ k ∈ Z such that x = 2k,

and x(x+ 1) = 2k(2k + 1).

Since k ∈ Z, k(2k + 1) ∈ Z and x(x+ 1) is even.

Consider x odd. Then ∃ k ∈ Z such that x = 2k + 1, and x(x+ 1) =

(2k + 1)(2k + 2) = 4k2 + 6k + 2 = 2(2k2 + 3k + 1).

Since k ∈ Z, (2k2 + 3k + 1) ∈ Z and x(x+ 1) is even.

Theorem 8. The smallest element of a nonempty set of positive integers is unique.

Proof Type:
Proof. Let S be a nonempty set of positive integers. Let a, b ∈ S such

that a and b are two distinct smallest elements of S.

=⇒ a ≤ x for all x ∈ S and b ≤ x for all x ∈ S

=⇒ a ≤ b and b ≤ a

=⇒ a = b and the smallest element of S is unique
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Definition. A homomorphism ϕ from a group G to a group Ḡ is a mapping from G into Ḡ that preserves the group

operation, ◦; that is, ϕ(a ◦ b) = ϕ(a) ◦ ϕ(b) for all a, b ∈ G.

Theorem 9. Let G be the group of all polynomials with real coefficients under addition. For each f ∈ G, let
∫
f

denote the antiderivative of f that passes through the point (0, 0). Then ϕ : f →
∫
f is a homomorphism.

Proof Type:
Proof. Let f, g ∈ G, then

∃ ai ∈ R for i = 1, . . . , n such that

f = a0 + a1x+ a2x
2 + . . .+ an−1x

n−1 + anx
n =

n∑
i=0

aix
i and

∃ bi ∈ R for i = 1, . . . ,m such that

g = b0 + b1x+ b2x
2 + . . .+ bm−1x

m−1 + bmxm =
m∑
i=0

bix
i.

WLOG let m ≥ n and set ai = 0 for i = n+ 1, . . . ,m.

Then f =
m∑
i=0

aix
i, and we have

ϕ(f) =

∫
f =

∫
fdx =

∫ m∑
i=0

aix
idx

=

m∑
i=0

∫
aix

idx =

m∑
i=0

ai
xi+1

i+ 1
,

Similarly ϕ(g) =
∫
g =

m∑
i=0

bi
xi+1

i+1 . Then

ϕ(f ◦ g) = ϕ(f + g) =

∫
f + gdx =

∫ m∑
i=0

(ai + bi)x
idx

=
m∑
i=0

∫
(ai + bi)x

idx =
m∑
i=0

(ai + bi)
xi+1

i+ 1

=
m∑
i=0

(
ai

xi+1

i+ 1
+ bi

xi+1

i+ 1

)
=

m∑
i=0

ai
xi+1

i+ 1
+

m∑
i=0

bi
xi+1

i+ 1

= ϕ(f) + ϕ(g) = ϕ(f) ◦ ϕ(g)
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For each proof presented: to the right of each line in the proof, describe in your own words what that line is doing/why it works
(complete sentences are NOT required). Do NOT describe the algebra, instead describe a more general reason for that step that
moves the proof forward (it should also be valid in other proofs, not just this one).

The purpose of these assignments is to model general techniques for developing good proofs that you can learn from to help you
prove other theorems. Demonstrate that you are achieving this goal in the dialog you present.

Assignments are due at the start of class (you may not finish writing up the description during class). Assignments submitted

after this will receive a 0%. Your work will be graded for presentation/clarity (up to 10% deduction for poor presentation) as

well as how well you achieve the goal.

Indicate the day of the week you started working on this assignment:

Th F Sa Su M T W Th (due)

Estimate the time you spent working on this assignment (to the nearest 0.25 hrs is sufficient): hrs

Theorem 10. For any rational number a and irrational number b, a + b is irrational, and if a ̸= 0, then ab is also

irrational.

Proof Type:
Proof. Let a be rational and b be irrational.

Since a is rational ∃ m,n ∈ Z such that a = m
n .

Suppose a+ b is rational. Then ∃ p, q ∈ Z such that a+ b = p
q .

Then =⇒ m

n
+ b =

p

q

=⇒ b =
p

q
− m

n
=

pn−mq

qn

Since m,n, p, q ∈ Z then pn−mq, qn ∈ Z.

Therefore b is rational. =⇒⇐=

Let a ̸= 0, and suppose ab is rational. (Complete the proof yourself.)

Therefore
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Theorem 11. There exists some k ∈ Z such that for all n > k, 2n < n!.

Proof Type:
Proof. Consider k = 3 and n = 4, then 24 = 16 < 24 = 4!.

Suppose for some m ∈ Z where m ≥ 4, 2m < m! holds.

Consider 2m+1 = 2m · 2

< m! · 2

< m!(m+ 1)

= (m+ 1)!

Therefore for all n ∈ Z such that n ≥ 4, 2n < n! holds.

Theorem 12. Let m,n ∈ Z. If mn is odd, then m and n are odd.

Proof Type:
Proof. Let m,n ∈ Z.

Suppose that at least one of m or n is even.

WLOG, let m be even.

Then there exists k ∈ Z such that m = 2k.

Then mn = 2kn. Since k, n ∈ Z, then kn ∈ Z and mn is even.

Therefore if mn is not even, then both m and n are not even.

Definition. Given sets A and B, A−B = {x|x ∈ A and x ̸∈ B} and A ∩B = {x|x ∈ A and x ∈ B}.

Theorem 13. A ∩ (B − C) = (A ∩B)− (A ∩ C)

Proof. Let x ∈ A ∩ (B − C).

x ∈ A ∩ (B − C) ⇐⇒ x ∈ A and x ∈ B − C

=⇒ x ∈ A and x ∈ B and x ̸∈ C

=⇒ (x ∈ A and x ∈ B) and (x ∈ A and x ̸∈ C)

=⇒ x ∈ A ∩B and x ̸∈ A ∩ C

=⇒ x ∈ (A ∩B)− (A ∩ C)

Therefore

Proof Type:

Is this proof complete? Why or why not?
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Definition. Given a set A, then A′ = {x|x ̸∈ A}.

Given sets A and B, A−B = {x|x ∈ A and x ̸∈ B}, A∩B = {x|x ∈ A and x ∈ B}, and A∪B = {x|x ∈ A or x ∈ B}.

Theorem 14. Prove or disprove A ∪ (B − C) = (A ∪B)− (A ∪ C)

Let x ∈ A ∪ (B − C).

x ∈ A ∪ (B − C) ⇐⇒ x ∈ A or x ∈ B − C

⇐⇒ x ∈ A or (x ∈ B and x ̸∈ C)

⇐⇒ (x ∈ A or x ∈ B) and (x ∈ A or x ̸∈ C)

⇐⇒ x ∈ A ∪B and x ∈ A ∪ C ′

⇐⇒ x ∈ (A ∪B) ∩ (A ∪ C ′)

What does this prove or disprove?

Proof. Let A = {1, 2, 3, 4}, B = {2, 3, 4, 5}, and C = {4, 5, 6, 7}.

Then B − C = {2, 3}, A ∪ (B − C) = {1, 2, 3, 4}.

Also (A ∪B) = {1, 2, 3, 4, 5}, (A ∪ C) = {1, 2, 3, 4, 5, 6, 7},

so (A ∪B)− (A ∪ C) = ∅.

Therefore .

Proof Type:
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