Appendix A Proofs of Selected Theorems A1

A  Proofs of Selected Theorems

THEOREM 1.2 Properties of Limits (Properties 2, 3, 4, and 5)
(page 59)

Let b and ¢ be real numbers, let n be a positive integer, and let fand g be
functions with the limits

limf(x) =L and limg(x) = K.
x—c x—c

2. Sum or difference: lim [ f(x) = glx)] =L + K
X—cC

3. Product: lim [ f(x)g(x)] = LK
X—cC

4. Quotient: lirnM = £ K#0
x—c g(x) K

5. Power: lim [ f(x)]" = L"
X—cC

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof To prove Property 2, choose & > 0. Because /2 > 0, you know that there
exists 8, > 0 such that 0 < |x — ¢| < §, implies |f(x) — L| < &/2. You also know
that there exists 8, > O suchthat0 < |x — ¢| < &, implies |g(x) — K| < &/2.Let Sbe
the smaller of 8, and §,; then 0 < |x — ¢| < & implies that

lf() — L] < g and |g(x) — K| < g
So, you can apply the triangle inequality to conclude that

L) + gW)] = (L + K)| = |fx) = L] + |glx) — K] <§+§= e

which implies that
lim[ f(x) + g(x)] = L + K = lim f(x) + lim g(x).
x—c x—c x—c
The proof that
lim [0~ g(9] = L~ K
is similar.
To prove Property 3, given that
lim f(x) =L and lim g(x) = K
X—C X—cC
you can write
Jgx) = [f(x) — L] [g(x) — K] + [Lg(x) + Kf(x)] — LK.
Because the limit of f(x) is L, and the limit of g(x) is K, you have
lim [f(x) —L]=0 and Ilim [g(x) — K] = 0.
x—c x—c
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Let 0 < & < 1. Then there exists § > 0 such thatif 0 < |x — ¢| < &, then
|[fx) =L —0| <& and |glx) —K—-0| <&
which implies that
L) — L1[g() — K1 = 0] = [ £0) — L] [g() — K| < & < &.
So,
lim [f(x) — L] [¢(x) — K] = 0.
Furthermore, by Property 1, you have
)lclgl Lg(x) = LK and ;lc]g} Kf(x) =
Finally, by Property 2, you obtain
lim f(x)g(x) = lim [ f(x) — L][g(x) — K] + lim Lg(x) + lim Kf(x) — lim LK
x—c X—c X—c x—c¢ x—c¢
=0+ LK+ KL - LK
= LK.
To prove Property 4, note that it is sufficient to prove that

im L = L.
e glx) K

Then you can use Property 3 to write

lim &) = lim f(x) —

. 1 L
xoe glx)  x-e ( ) lll)l}f(x) lim ——

x—c g(x) E '
Let € > 0. Because lim g(x) = K, there exists §, > 0 such that if
X—C

K]

0 < |x —c| < 8, then |gx) — K| < 5

which implies that

K
K] = le(s) + [K] ]| = ¢ + [1K] ~ £] < )] + 151
That is, for 0 < |x — ¢| < §,
K o L2
2 lg@)| K]
Similarly, there exists a 8, > 0 such that if 0 < |x — ¢| < &, then
|k
gk — K| <=5
Let & be the smaller of §, and 8,. For 0 < |x — ¢| < 8, you have
1 1 K — gl 1 1 1 2 |K]?
— = = = K—g¢gx)| < v 75— ¢e=e¢
ekl erera R e IS U
1
So, lim (x) S

Finally, the proof of Property 5 can be obtained by a straightforward application of
mathematical induction coupled with Property 3. |
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THEOREM 1.4 The Limit of a Function Involving a Radical
(page 60)

Let n be a positive integer. The limit below is valid for all ¢ when n is odd,
and is valid for ¢ > 0 when n is even.

lim &/x = #/c.

X—c

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof Consider the case for which ¢ > 0 and n is any positive integer. For a given
& > 0, you need to find 6 > O such that

{‘f—%‘<s whenever 0 < |[x —¢| < §

which is the same as saying
—e< Yx— c<e whenever —8<x—c <.

Assume € < (’ﬁ, which implies that 0 < e — e < e, Now, let 6 be the smaller of
the two numbers.

e (e—e amd (Yote —c
Then you have

—6<x—c 1)

—[c—((‘/g—e)n]<x—c <E{1/E+8)n—c

(%—a)n—c<x—c %+g)n—c
(%—8)n<x <({’/E+8)n
e —e< Wk < Ye+ e
—e< Yx—UYc<e |

THEOREM 1.5 The Limit of a Composite Function (page 61)
If fand g are functions such that lim g(x) = L and lini f(x) = f(L), then
X—c x—>

tim 1g(0) = (1im &) = 110

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof For a given &£ > 0, you must find § > 0 such that
|f(g(x)) — f(L)] < & whenever 0 < |x —c| < §&.
Because the limit of f(x) as x — L is f(L), you know there exists 8, > 0 such that
|fw) — f(L)] < & whenever |u—L| < §,.
Moreover, because the limit of g(x) as x — c is L, you know there exists 8 > 0 such that
|g(x) — L| < 6, whenever 0 < |x —¢| < 8.
Finally, letting u = g(x), you have
|f(g(x)) — f(L)] < & whenever 0 < |x —c| < 8. |
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THEOREM 1.7 Functions That Agree at All But One Point
(page 62)

Let ¢ be a real number, and let f(x) = g(x) for all x # c in an open interval
containing c. If the limit of g(x) as x approaches c exists, then the limit of f(x)
also exists and

lim f(x) = lim g(x).
X—>C X—C

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof Let L be the limit of g(x) as x— c. Then, for each & > 0 there exists a § > 0
such that f(x) = g(x) in the open intervals (c — &, ¢) and (c, ¢ + §), and

|g(x) = L| < & whenever 0 < |x —¢| < 6.
Because f(x) = g(x) for all x in the open interval other than x = c, it follows that
|f(x) = L| < & whenever 0 < |x —¢| < 6.

So, the limit of f(x) as x —> ¢ is also L. o

THEOREM 1.8 The Squeeze Theorem (page 65)

If h(x) < f(x) < g(x) for all x in an open interval containing c, except possibly
at c itself, and if

lim A(x) = L = lim g(x)
X—C X—C
then lim f(x) exists and is equal to L.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof For ¢ > 0 there exist 8, > 0 and &, > O such that
|h(x) — L| < & whenever 0 < |x —¢| < §,

and
|g(x) = L| < & whenever 0 < |x —¢| < §,.

Because A(x) < f(x) < g(x) for all x in an open interval containing c, except possibly
at ¢ itself, there exists 8; > 0 such that i(x) < f(x) < g(x) for 0 < |x — ¢| < 8. Let
8 be the smallest of §,, 8, and ;. Then, if 0 < |x —¢| < §, it follows that
|a(x) — L| < eand |g(x) — L| < & which implies that

—e<h(x) —L<e and —e<glx)—L<e

L—e<h(x) and gx) <L+ &

Now, because A(x) < f(x) < g(x), it follows that L — & < f(x) < L + &, which implies
that | f(x) — L| < &. Therefore,

lim flx) = L. |
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THEOREM 1.11  Properties of Continuity (page 75)

If b is a real number and f'and g are continuous at x = ¢, then the functions
listed below are also continuous at c.

1. Scalar multiple: bf
2. Sum or difference: f + g
3. Product: fg

4. Quotient: jé, gle) #0

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof Because fand g are continuous at x = ¢, you can write
lim f(x) = f(c) and lim g(x) = g(c).
x—c x—c
For Property 1, when b is a real number, it follows from Theorem 1.2 that
tim [(5)()] = lim [bf(0] = b lim [£()] = bf(0) = (b)),
Thus, bf is continuous at x = c.
For Property 2, it follows from Theorem 1.2 that
lim (/% g)(x) = lim [(x) % ()]
= lim [/()] + lim [¢(x)]
= fe) * g(c)
= (f £ 8)c).
Thus, f + g is continuous at x = c.
For Property 3, it follows from Theorem 1.2 that
lim (fg)(x) = lim [f(x)g()]
X—cC X—cC
= lim [ f(x)] lim [g(x)]
X—cC X—¢C
= flc)gle)
= (f8)(0).
Thus, fg is continuous at x = c.

For Property 4, when g(c) # 0, it follows from Theorem 1.2 that

lim I(x) = lim@
xX—c g xX—c g(x)

lim £ (x)

~ lim g(x)
X—cC

_ flo)
g(c)

= I(c)
8

Thus, / is continuous at x = c. |
8
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THEOREM 1.14 Vertical Asymptotes (page 85)

Let fand g be continuous on an open interval containing c. If f(c) # 0,
g(c) = 0, and there exists an open interval containing ¢ such that g(x) # 0 for
all x # c in the interval, then the graph of the function

fx)
g(x)

has a vertical asymptote at x = c.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

h(x) =

Proof Consider the case for which f(c) > 0, and there exists b > ¢ such that
¢ < x < bimplies g(x) > 0. Then for M > 0, choose 8, such that

0 <x—c< 8 implies that f( ) < flx) < sz(c)
and 6, such that
0<x—c<§, impliesthat 0 < g(x) < %

Now let & be the smaller of 6, and J,. Then it follows that

0<x—c<& implies that 8 f(c)[%}z

So, it follows that

&) _

lim =
x—ct g(x)

and the line x = c is a vertical asymptote of the graph of &. |

Alternative Form of the Derivative (page 101)
The derivative of fat c is

f/(C) = lim f(X) _f(C)

x—c X —C

provided this limit exists.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof The derivative of fat c is given by
(o — i Sle T A — f(o)
fle) = Aliglo Ax ’
Letx = ¢ + Ax. Then x— ¢ as Ax—0. So, replacing ¢ + Ax by x, you have
fle + Ay = flo) _ . f&) = flo)

f(C) - Alir—l’)l() Ax x—c X —C
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THEOREM 2.10 The Chain Rule (page 130)

If y = f(u) is a differentiable function of u, and u = g(x) is a differentiable
function of x, then y = f(g(x)) is a differentiable function of x and

dy _dy du
dx du dx

or, equivalently,

LAt = Fee 0.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof In Section 2.4, you let A(x) = f(g(x)) and used the alternative form of the
derivative to show that 1(c) = f"(g(c))g(c), provided g(x) # g(c) for values of x other
than ¢. Now consider a more general proof. Begin by considering the derivative of f.

e+ AY) — f() _

g . Ay
f&) = Alir—r}o Ax Jim

Ax—0 Ax

For a fixed value of x, define a function 7 such that

0, Ax=0
Ax) = {A
(&) IZC —f(x), Ax#0.

Because the limit of n(Ax) as Ax— 0 does not depend on the value of 1(0), you have
. oAy, _
Jim, a0 = Jim [ = 0] <o
and you can conclude that 7 is continuous at 0. Moreover, because Ay = 0 when
Ax = 0, the equation
Ay = Axn(Ax) + Axf'(x)

is valid whether Ax is zero or not. Now, by letting Au = g(x + Ax) — g(x), you can use
the continuity of g to conclude that

lim Au = Alim0 [elx + Ax) — g(x)] =0

Ax—0

which implies that
Jim, () =0.
Finally,

_ ) Y _ Bu Au
Ay = Aun(Au) + Auf (u)—)Ax = Ar n(Au) + Axf(u)’ Ax # 0
and taking the limit as Ax— 0, you have

@_@[

. du
= + =
dx dx lim n(Au)] x (w)

Ax—0

_du du ,
= O+ f )
= af’(u)

_du dy
Cdx du ™|
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Concavity Interpretation (page 187)

1. Let f'be differentiable on an open interval /. If the graph of fis concave
upward on I, then the graph of flies above all of its tangent lines on /.

2. Let fbe differentiable on an open interval /. If the graph of fis concave
downward on I, then the graph of flies below all of its tangent lines on /.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof Assume that fis concave upward on I = (a, b). Then, f”is increasing on (a, b).
Let ¢ be a point in the interval I = (a, b). The equation of the tangent line to the graph
of fat c is given by

g(x) = fle) + fc)lx = o).
If x is in the open interval (c, b), then the directed distance from point (x, f(x)) (on the
graph of f) to the point (x, g(x)) (on the tangent line) is given by

d=f(x) = [flo) + flo)x = )]

= fx) = fle) = fle)x = o).

Moreover, by the Mean Value Theorem there exists a number z in (c, x) such that

1) = fe)

X c

fz) =
So, you have

d = f(x) = fle) = fc)x = ¢)
=@ =) = flo)x = o)
= [ = felx = o).
The second factor (x — ¢) is positive because ¢ < x. Moreover, because f” is increasing,
it follows that the first factor [ f/(z) — f’(c)] is also positive. Therefore, d > 0 and you
can conclude that the graph of f lies above the tangent line at x. If x is in the open

interval (a, c), a similar argument can be given. This proves the first statement. The
proof of the second statement is similar. |

THEOREM 3.7 Test for Concavity (page 188)
Let /' be a function whose second derivative exists on an open interval /.

1. If f”(x) > O for all x in I, then the graph of fis concave upward in 1.
2. If f”(x) < O for all x in /, then the graph of fis concave downward in .

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof For Property 1, assume f”(x) > O for all x in (a, b). Then, by Theorem 3.5, f”
is increasing on [a, b]. Thus, by the definition of concavity, the graph of fis concave
upward on (a, b).

For Property 2, assume f”(x) < 0 for all x in (a, b). Then, by Theorem 3.5, f”is decreasing
on [a, b]. Thus, by the definition of concavity, the graph of fis concave downward on

(a, ). -
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THEOREM 3.10 Limits at Infinity (page 196)

If r is a positive rational number and c is any real number, then

Furthermore, if x” is defined when x < O, then lim % = 0.

X—>—00

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof Begin by proving that

For ¢ > 0, let M = 1/&. Then, for x > M, you have

x>M=l > l<‘9 > ‘1—0 < e
& X X

So, by the definition of a limit at infinity, you can conclude that the limit of 1/x as
x— o0 is 0. Now, using this result, and letting r = m/n, you can write the following.

c

m/n

c
lim — = lim
x—oo X" x—oo X

= i (=)' |

= <hm n )
(, / lim )
x—oo X

- (¢or

The proof of the second part of the theorem is similar.
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THEOREM 4.2 Summation Formulas (page 255)

cn, c1s a constant

=
D=
(o
I

Il
—

L. nn+ 1)
2. i;z =T 5
Ny nin+ 1)2n + 1)
3. izll 6
n 2 2
s _n (n+1)
4. 21 1

Il
—

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof The proof of Property 1 is straightforward. By adding c to itself n times, you
obtain a sum of cn.

To prove Property 2, write the sum in increasing and decreasing order and add
corresponding terms, as follows.

iiz 1 + 2 4+ 3 +---+m-1D+ n
=1 2 ) 2 2
ii= n +m@-D+mw-2)+---+ 2 + 1
=1 2 \2 { \2 d
2_'1 i=n+1D)+m+D)+m+D)+---+m+1D)+m+1)

So,

i n(n + 1)
To prove Property 3, use mathematical induction. First, if n = 1, the result is true

because

11+1D2+1)
s

12

i2=12=1-=

i

Il
it

Now, assuming the result is true for n = k, you can show that it is true forn = k + 1,
as follows.

>~

+1

i? }k: + (k+ 1)?
(

#+(k+1)2

u(2k2+k+6k+6)

“—1 [k + 3)(k + 2)]

_ (k + Dk + 2)[2(k + 1) + 1]
6

Property 4 can be proved using a similar argument with mathematical induction.
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THEOREM 4.8 Preservation of Inequality (page 272)
1. If fis integrable and nonnegative on the closed interval [a, b], then
b
0< f £(x) dx.

2. If fand g are integrable on the closed interval [a, b] and f(x) < g(x) for
every x in [a, b], then

f f(x)dx < f g(x) dx.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof To prove Property 1, suppose, on the contrary, that
b
J fx)dx=1<0.
Then, leta = x, < x; < x, < - - + < x, = b be a partition of [a, b], and let

R="3 flc) Ax,

i=1

be a Riemann sum. Because f(x) = 0, it follows that R = 0. Now, for ||A|| sufficiently

small, you have |R — I| < —1/2, which implies that
1 1
Ef(ci)Axi=R<I—E<0
=1
which is not possible. From this contradiction, you can conclude that

0 < ff(x) dx.

To prove Property 2, note that f(x) < g(x) implies that g(x) — f(x) = 0. So, you can

apply the result of Property 1 to conclude that

0= [ Lot - st
Osf g(x)dx—ff(x)dx

Jf(x) dxﬁf g(x) dx.
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Properties of the Natural Logarithmic Function (page 319)

The natural logarithmic function is one-to-one.

lim Inx = —o0 and lim Inx = oo
x—0" xX—00

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof Recall from Section P.3 that a function f is one-to-one if for x; and x, in its
domain

X, Fx, B> f(xl) ¢f(x2)-

1 . .
Let f(x) = In x. Then f(x) = e 0 for x > 0. So fis increasing on its entire domain

(0, 00) and therefore is strictly monotonic (see Section 3.3). Choose x,; and x, in the
domain of f such that x; # x,. Because fis strictly monotonic, it follows that either

f(xl) < f(xz) or f(xl) > f(xz)-
In either case, f(x,) # f(x,). So, f(x) = In x is one-to-one.

To verify the limits, begin by showing thatIn 2 > % From the Mean Value Theorem for
Integrals, you can write

2
1nz=f La=to-pn=1
L X c c

where ¢ is in [1, 2].

This implies that

1< ¢ =2
1= 121
c 2

1
1=>2h2=—-.
he=3

Now, let N be any positive (large) number. Because In x is increasing, it follows that if
x > 22N then

Inx > In22Y = 2N In 2.

However, because In 2 > %, it follows that
Inx >2NIn2 = 2N<%> = N.

This verifies the second limit. To verify the first limit, let z = 1/x. Then, z— oo as
x— 0%, and you can write

x—0" x—07" X

lim Inx = lim (—lnl>

lim (—1Inz)
700

—1lim Inz
Z—00

= —oo. " |
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THEOREM 5.8 Continuity and Differentiability of Inverse
Functions (page 341)

Let fbe a function whose domain is an interval /. If f has an inverse function,
then the following statements are true.
1. If fis continuous on its domain, then f~! is continuous on its domain.
2. If fis increasing on its domain, then /! is increasing on its domain.
3. If fis decreasing on its domain, then f~! is decreasing on its domain.
4. If fis differentiable on an interval containing ¢ and f"(c) # 0, then £~
is differentiable at f(c).

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof To prove Property 1, first show that if fis continuous on 7 and has an inverse
function, then fis strictly monotonic on 1. Suppose that f were not strictly monotonic.
Then there would exist numbers x;, x,, x5 in I such that x, < x, < x, but f(x,) is not
between f(x,) and f(x;). Without loss of generality, assume f(x;) < f(x;) < f(x,). By
the Intermediate Value Theorem, there exists a number x, between x, and x, such that
f(xy) = f(x3). So, fis not one-to-one and cannot have an inverse function. So, f must be
strictly monotonic.

Because f is continuous, the Intermediate Value Theorem implies that the set of
values of f

{f(x):x € I}

forms an interval J. Assume that a is an interior point of J. From the previous argument,
fYa) is an interior point of 1. Let & > 0. There exists 0 < &, < & such that

I =(fYa) — &, fYa)+e)CL

Because f'is strictly monotonic on /,, the set of values { f(x): x € I,} forms an interval
J, CJ.Let 8 > O such that (@ — §,a + §) C J,. Finally, if

ly —a| < & then [f1(y) —f Ha)| < & < &
So, f~1 is continuous at a. A similar proof can be given if a is an endpoint.

To prove Property 2, let y, and y, be in the domain of f~!, with y, < y,. Then, there
exist x, and x, in the domain of f such that

fGx) =y < vy = flxy).

Because fis increasing, f(x;) < f(x,) holds precisely when x, < x,. Therefore,

) =x < x =)

which implies that f~! is increasing. (Property 3 can be proved in a similar way.)



A14 Appendix A Proofs of Selected Theorems

Finally, to prove Property 4, consider the limit

—1 _ 1
(ffl)’(a) _ limf (Y) f (a)
y—a y—a
where a is in the domain of f~! and f~!'(a) = c. Because f is differentiable on an
interval containing ¢, f is continuous on that interval, and so is f~! at a. So, y—a

implies that x — ¢, and you have

(/")1a) = lim ——~——— o) = f(c)

N S
A(@f@

_ 1

- f (x) — f(c)

N
fley

So, (f~")"(a) exists, and f~! is differentiable at f(c). |

THEOREM 5.9 The Derivative of an Inverse Function (page 341)

Let f'be a function that is differentiable on an interval /. If f has an inverse
function g, then g is differentiable at any x for which f"(g(x)) # 0. Moreover,

(x) f( ( )) f/(g(x)) # 0.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof From the proof of Theorem 5.8, letting a = x, you know that g is
differentiable. Using the Chain Rule, differentiate both sides of the equation x = f(g(x))
to obtain

~ F(a0) -0

Because f/(g(x)) # 0, you can divide by this quantity to obtain

0= S
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THEOREM 5.10 Operations with Exponential Functions
(Property 2) (page 347)

Let a and b be any real numbers.

a
—-b

2.

:ea

m@‘m

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof To prove Property 2, you can write

ln(e ) =Ilne’ —Ine? =a— b =In(e? %)

eb

Because the natural logarithmic function is one-to-one, you can conclude that

THEOREM 5.15 A Limit Involving e (page 360)

X + X
lim <1+1> = lim (x 1) =e
X—00 X X—00 X

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

X—00

Iny = ln[ lim<l + l) }
x—0o0 X

Because the natural logarithmic function is continuous, you can write

Iny = lim [x ln<1 + 1)] = lim {M}

x—o0 x—o0 l/x

1 X
Proof Lety = lim (1 + ;) . Taking the natural logarithm of each side, you have

1
Letting x = 7 you have

lim In(1 + 1)
1—0* t
+ —
— Lm In1+¢—1In1l

1—0* t

Iny

I%Inxatle

1
=—atx=1
X
= 1.

Finally, because In y = 1, you know that y = e, and you can conclude that

lim <1+1) =e. =

X—00 X
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THEOREM 5.16 Derivatives of Inverse Trigonometric Functions
(arcsin u and arccos u) (page 369)

Let u be a differentiable function of x.
d . ! d —u’
a[arcsm ul = ﬁ a[arccos ul = ﬁ

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof
Method 1: Apply Theorem 5.9.

Let f(x) = sin x and g(x) = arcsin x. Because fis differentiable on

y=5

2
you can apply Theorem 5.9.

P 1

&) = )

1
cos(arcsin x)

1
1 — sin?(arcsin x)
1

V1 —x

If u is a differentiable function of x, then you can use the Chain Rule to write

’

i[arcsin ul = — 2 Where u’'= du
dx J1 — uz, dx’

Method 2: Use implicit differentiation.

Lety = arccos x,0 < y < . So, cos y = x, and you can use implicit differentiation.

Cosy = x
. dy
_ = =
sin y It
dy -1
dx siny
dy _ —1
dx /1 — cos?y
dy -1
dx  J1 —x2
If u is a differentiable function of x, then you can use the Chain Rule to write
d —u’ , _du
dx[arccos ul = — where u’ = = |
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THEOREM 8.3 The Extended Mean Value Theorem (page 558)

If f and g are differentiable on an open interval (a, b) and continuous on [a, b]
such that g’(x) # O for any x in (a, b), then there exists a point ¢ in (a, b) such

o) _ f(b) = fla)
g'lc)  glb) — gla)

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

that

Proof You can assume that g(a) # g(b), because otherwise, by Rolle’s Theorem, it
would follow that g’(x) = 0 for some x in (a, b). Now, define h(x) as

o) = o) = | L =L o
Then

o) =) — | L= |
_ fla)elb) - flb)s(a)
8(b) — gla)

and
o) = 10) = | E=L | )
_ fag(t) — fb)gla)
8(b) — gla)

and by Rolle’s Theorem there exists a point ¢ in (a, b) such that

wo-ra- =13

=0

g'(c)

f(b) — fla)
g(b) — gla)’

which implies that (( ))
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THEOREM 8.4 L'Hopital’s Rule (page 558)

Let fand g be functions that are differentiable on an open interval (a, b)
containing c, except possibly at c itself. Assume that g’(x) # O for all x in
(a, b), except possibly at ¢ itself. If the limit of f(x)/g(x) as x approaches ¢
produces the indeterminate form 0/0, then

tim L8 _ i LW

x—c g(x) x—c g’(x)

provided the limit on the right exists (or is infinite). This result also applies
when the limit of f(x)/g(x) as x approaches ¢ produces any one of the
indeterminate forms oo/o0, (—o0)/c0, co/(—o0), or (—oo)/(— o).

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

You can use the Extended Mean Value Theorem to prove L’Hopital’s Rule. Of the
several different cases of this rule, the proof of only one case is illustrated. The
remaining cases where x — ¢~ and x — ¢ are left for you to prove.

Proof Consider the case for which lim f(x) = 0 and lim g(x) = 0. Define the new
functions e e

b ¢ b ¢

Flx) = {f W rEe i 6 = {g @, x#e
0, xX=c 0, xX=c

For any x, ¢ < x < b, F and G are differentiable on (c, x] and continuous on [¢, x]. You

can apply the Extended Mean Value Theorem to conclude that there exists a number z

in (c, x) such that

F) _ FW) — FO) _ FO) _ ) _f®)
G G0 -Gl 6M) g gl

Finally, by letting x approach ¢ from the right, x—c*, you have z—c* because
¢ <z < x, and

tim T = i L@y @ SO

woet g(x)  xoct gz) oot gl7)  wmer g ()

THEOREM 9.15 Alternating Series Remainder (page 621)

If a convergent alternating series satisfies the condition a,, , ; < a,, then the
absolute value of the remainder R, involved in approximating the sum S by S,
is less than (or equal to) the first neglected term. That is,

|S - SNl = |RN| S Ay

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof The series obtained by deleting the first N terms of the given series satisfies the
conditions of the Alternating Series Test and has a sum of R,

je'e) N
Ry=8—8y= 2 (=1)*a, — E (—1)*1a,
n=1 n=1

= (- I)NaN+1 + (= 1)N+1aN+2 + (= 1)N+2aN+3 e

= (=D"(ays) —ayia tays =+ )
IRyl = ayyy = @yin + ayis = ayig + ayys —
=ayy; — (ayiy = ayis) = (Ayyy — ayss) = 0 0 S ayy,
Consequently, |S — Sy| = |Ry| < ay.;, which establishes the theorem. ™|
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THEOREM 9.19 Taylor’'s Theorem (page 642)

If a function fis differentiable through order n + 1 in an interval  containing
¢, then, for each x in I, there exists z between x and ¢ such that

"¢ (¢
16 =£0) + 7@~ )+ L e+ LD r

where

m (x _ c)n+ 1'

R, = (n + 1)!

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof To find R (x), fix xin I (x # c¢) and write R, (x) = f(x) — P, (x), where P, (x) is
the nth Taylor polynomial for f(x). Then let g be a function of ¢ defined by

£ B (x — f)n+!
= RO

g0) = flx) — ) — f(Ox — 1) —

The reason for defining g in this way is that differentiation with respect to ¢ has a
telescoping effect. For example, you have

%[—f(t) — O —0]= =0+ 0 - O —1) = —fO)x - 1.
The result is that the derivative g (¢) simplifies to

g0 =20yt s DR

n! (x — c)rt!
for all ¢ between ¢ and x. Moreover, for a fixed x,

glc) = f(x) = [P,(x) + R,(0)] = f(x) = f(x) = 0
and

gx) =f(x) = flx) =0 —- - - = 0=flx) = flx) = 0.

Therefore, g satisfies the conditions of Rolle’s Theorem, and it follows that there is a
number z between ¢ and x such that g’(z) = 0. Substituting z for ¢ in the equation for
g/(¢) and then solving for R, (x), you obtain

(1) v
g0 = L et s o
0= f(":;l)(Z) (x =2+ (n+ DR (x) %
)(Z) n+1
T
Finally, because g(c) = 0, you have
0 =16 ~f0) )~ -~ LD (o~ R

169 = £0) + e = )+ -+ LD (ot g ) o
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THEOREM 9.20 Convergence of a Power Series (page 648)
For a power series centered at ¢, precisely one of the following is true.

1. The series converges only at c.

2. There exists a real number R > 0 such that the series converges absolutely
for |x — ¢| < R, and diverges for |x — ¢| > R.

3. The series converges absolutely for all x.

The number R is the radius of convergence of the power series. If the series
converges only at ¢, then the radius of convergence is R = 0. If the series
converges for all x, then the radius of convergence is R = oo. The set of all
values of x for which the power series converges is the interval of convergence
of the power series.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof In order to simplify the notation, the theorem for the power series = a,x"
centered at x = 0 will be proved. The proof for a power series centered at x = ¢
follows easily. A key step in this proof uses the completeness property of the set of real
numbers: If a nonempty set S of real numbers has an upper bound, then it must have a
least upper bound (see page 591).

It must be shown that if a power series = a,x" converges at x = d, d # 0, then it
converges for all b satisfying |b| < |d|. Because X a,x" converges, lim a,d" = 0. So,

n—o0

there exists an integer N > 0 such that |a,d"| < 1 foralln = N. Then forn = N,

dn bn bn
|anb | - anb E - |and | E < ﬁ .
So, for |b| < |d|, ‘Z < 1, which implies that

n

L
dn

Sia =2
d
is a convergent geometric series. By the Comparison Test, the series X a,b" converges.

Similarly, if the power series = a,x" diverges at x = b, where b # 0, then it diverges
for all d satisfying |d| > |b|. If 2 a,d" converged, then the argument above would
imply that = a,b" converged as well.

Finally, to prove the theorem, suppose that neither Case 1 nor Case 3 is true. Then
there exist points b and d such that X a,x" converges at b and diverges at d. Let
S = {x: 2 a,x" converges}. S is nonempty because b € S. If x € S, then |x| < |d|,
which shows that |d| is an upper bound for the nonempty set S. By the completeness
property, S has a least upper bound, R.

Now, if |x| > R, then x¢S, so = a,x" diverges. And if |x| < R, then |x| is not an upper
bound for S, so there exists b in S satisfying |b| > |x|. Because b € S, = a,b"
converges, which implies that 2 a,x" converges. |
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THEOREM 10.16 Classification of Conics by Eccentricity
(page 734)

Let F be a fixed point ( focus) and let D be a fixed line (directrix) in the plane.
Let P be another point in the plane and let e (eccentricity) be the ratio of the
distance between P and F to the distance between P and D. The collection of
all points P with a given eccentricity is a conic.

1. The conic is an ellipse for 0 < e < 1.

2. The conic is a parabola for e = 1.

3. The conic is a hyperbola for e > 1.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof If ¢ = I, then, by definition, the conic must be a parabola. If ¢ # 1, then you
can consider the focus F to lie at the origin and the directrix x = d to lie to the right of
the origin, as shown in the figure.

For the point P = (r, 6) = (x, y), you have
|PF| =r and |PQ|=d — rcos 6.

|PF|
|PQJ’

Given that e = it follows that

|PF| = |PQle ©=> r = e(d— rcos6).
By converting to rectangular coordinates and squaring each side, you obtain
X2+ y?2 =eXd — x)?
= e2(d? — 2dx + x?).
Completing the square produces
€2d 2 y2 €2d2
<x+1 2) e T -

If e < 1, then this equation represents an ellipse. If ¢ > 1, then 1 — ¢? < 0, and the
equation represents a hyperbola. |
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THEOREM 13.4 Sufficient Condition for Differentiability
(page 901)

If fis a function of x and y, where f, and f, are continuous in an open region
R, then fis differentiable on R.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof Let S be the surface defined by z = f(x, y), where f, f., and J, are continuous
at (x,y). Let A, B, and C be points on surface S, as shown in the figure. From this
figure, you can see that the change in f from point A to point C is given by

Az = flx + Ax,y + Ay) — f(x,y)
=[fle+ Ax,y) = fley)] + [f(x + Ax,y + Ay) — fx + Ax, y)]
= Az, + Az,

Between A and B, y is fixed and x changes. So, by the Mean Value Theorem, there is a
value x, between x and x + Ax such that

Az, = flx + Ax,y) — flx,y) = fi(x, y) Ax.

Similarly, between B and C, x is fixed and y changes, and there is a value y, between y
and y + Ay such that

Azy=flx + Ax,y + Ay) — f(x + Ax, y) = f,(x + Ax, y,) Ay.
By combining these two results, you can write
Az = Az, + Az, = f(x;, y)Ax +fy(x + Ax, y,) Ay.

If you define €, and &, as &, = f,(x,,y) — f(x,y) and &, = f,(x + Ax, y,) — f,(x, y), it

follows that
Az = Az + Az, = [g, + filx, y)] Ax + [&, + f,(x, y)] Ay
= [fi(x,y) Ax + f,(x, y) Ay] + &,Ax + &,Ay.
By the continuity of f, and f, and the fact thatx = x; = x + Axandy <y, =y + Ay,

it follows that £, — 0 and €, — 0 as Ax — 0 and Ay — 0. Therefore, by definition, f is
differentiable. |

THEOREM 12.6 Chain Rule: One Independent Variable
(page 907)

Let w = f(x, y), where f is a differentiable function of x and y. If x = g(7)

and y = h(z), where g and h are differentiable functions of ¢, then w is a

differentiable function of ¢, and

dw _ ow dx
dt ox dt

aw dy
dy dt’

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

Proof Because g and h are differentiable functions of 7, you know that both Ax
and Ay approach zero as Ar approaches zero. Moreover, because f is a differentiable
function of x and y, you know that Aw = (dw/dx) Ax + (dw/dy) Ay + & Ax + &,Ay,
where both &, and &, — 0 as (Ax, Ay) — (0, 0). So, for Az # 0

Aw _awAr  awdy, Av, Ay
At ax Ar gy Ar YA T 2 A

from which it follows that
dw . Aw  awdx  owdy (dx) (dy) owdx  owdy
—=lim—="—"——+—=+0—|+0=)="=—+——.
di &S0 Ar ox dt  Jy dt 0 dt 0 dt ax dt  dy dt i
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